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Cosmological parameters
• Density parameters

• Observational constraints
• Matter: Ωm0 ~ 0.32
• Baryon: Ωb0 ~ 0.05
• Dark matter: Ωdm0 ~ 0.27
• Radiation: Ωr0 ~ 10-3

• Curvature: ΩK0 ~ 0
• Dark energy: ΩΛ0 ~ 0.68
• Hubble constant: H0~ 68
→ Ωm0 + ΩΛ0 = 1 + ΩK0 ~ 1
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• Friedmann equations
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Fig. 1. Planck 2018 temperature power spectrum. At multipoles ` � 30 we show the frequency-coadded temperature spectrum computed from
the Plik cross-half-mission likelihood, with foreground and other nuisance parameters fixed to a best fit assuming the base-⇤CDM cosmology.
In the multipole range 2  `  29, we plot the power spectrum estimates from the Commander component-separation algorithm, computed over
86% of the sky. The base-⇤CDM theoretical spectrum best fit to the Planck TT,TE,EE+lowE+lensing likelihoods is plotted in light blue in the
upper panel. Residuals with respect to this model are shown in the lower panel. The error bars show ±1� diagonal uncertainties, including cosmic
variance (approximated as Gaussian) and not including uncertainties in the foreground model at ` � 30. Note that the vertical scale changes at
` = 30, where the horizontal axis switches from logarithmic to linear.

computing the covariance matrices, assuming that foregrounds
are isotropic and Gaussian. This model underestimates the
contribution of Galactic dust to the covariances, since this com-
ponent is anisotropic on the sky. However, dust always makes
a very small contribution to the covariance matrices in the
CamSpec likelihood. Mak et al. (2017) describe a simple model
to account for the Galactic dust contributions to covariance
matrices.

It is important to emphasize that these changes to the 2018
CamSpec TT likelihood are largely cosmetic and have very lit-
tle impact on cosmological parameters. This can be assessed by
comparing the CamSpec TT results reported in this paper with
those in PCP15. The main changes in cosmological parameters
from the TT likelihood come from the tighter constraints on the
optical depth, ⌧, adopted in this paper.

In polarization, CamSpec uses a di↵erent methodology
to Plik. In temperature, there are a number of frequency-
dependent foregrounds at high multipoles that are described by
a physically motivated parametric model containing “nuisance”
parameters. These nuisance parameters are sampled, along with
cosmological parameters, during Markov chain Monte Carlo
(MCMC) exploration of the likelihood. The TT likelihood is
therefore a power-spectrum-based component-separation tool
and it is essential to retain cross-power spectra for each dis-
tinct frequency combination. For the Planck TE and EE spec-

tra, however, Galactic dust is by far the dominant foreground
contribution. At the multipoles and sensitivities accessible to
Planck, polarized point sources make a negligible contribution to
the foreground (as verified by ACTPol and SPTpol; Louis et al.
2017; Henning et al. 2018), so the only foreground that needs to
be subtracted is polarized Galactic dust emission. As described
in PCP15, we subtract polarized dust emission from each T E/ET

and EE spectrum using the 353 GHz half-mission maps. This
is done in an analogous way to the construction of 545 GHz-
cleaned temperature maps described in PCP15 and Appendix A.
Since the 353 GHz maps are noisy at high multipoles we use
the cleaned spectra at multipoles 300 and extrapolate the dust
model to higher multipoles by fitting power laws to the dust esti-
mates at lower multipoles.

The polarization spectra are then corrected for temperature-
to-polarization leakage and e↵ective polarization e�ciencies as
described below, assuming a fiducial theoretical power spec-
trum. The corrected T E/ET spectra and EE spectra for all half-
mission cross-spectra constructed from 100-, 143-, and 217 GHz
maps are then coadded to form a single T E spectrum and a sin-
gle EE spectrum for the CamSpec likelihood. The polarization
part of the CamSpec likelihood therefore contains no nuisance
parameters other than overall calibration factors cT E and cEE for
the T E and EE spectra. Since the CamSpec likelihood uses coad-
ded T E and EE spectra, we do not need to bin the spectra to form
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Fig. 1. Planck 2018 temperature power spectrum. At multipoles ` � 30 we show the frequency-coadded temperature spectrum computed from
the Plik cross-half-mission likelihood, with foreground and other nuisance parameters fixed to a best fit assuming the base-⇤CDM cosmology.
In the multipole range 2  `  29, we plot the power spectrum estimates from the Commander component-separation algorithm, computed over
86% of the sky. The base-⇤CDM theoretical spectrum best fit to the Planck TT,TE,EE+lowE+lensing likelihoods is plotted in light blue in the
upper panel. Residuals with respect to this model are shown in the lower panel. The error bars show ±1� diagonal uncertainties, including cosmic
variance (approximated as Gaussian) and not including uncertainties in the foreground model at ` � 30. Note that the vertical scale changes at
` = 30, where the horizontal axis switches from logarithmic to linear.

computing the covariance matrices, assuming that foregrounds
are isotropic and Gaussian. This model underestimates the
contribution of Galactic dust to the covariances, since this com-
ponent is anisotropic on the sky. However, dust always makes
a very small contribution to the covariance matrices in the
CamSpec likelihood. Mak et al. (2017) describe a simple model
to account for the Galactic dust contributions to covariance
matrices.

It is important to emphasize that these changes to the 2018
CamSpec TT likelihood are largely cosmetic and have very lit-
tle impact on cosmological parameters. This can be assessed by
comparing the CamSpec TT results reported in this paper with
those in PCP15. The main changes in cosmological parameters
from the TT likelihood come from the tighter constraints on the
optical depth, ⌧, adopted in this paper.

In polarization, CamSpec uses a di↵erent methodology
to Plik. In temperature, there are a number of frequency-
dependent foregrounds at high multipoles that are described by
a physically motivated parametric model containing “nuisance”
parameters. These nuisance parameters are sampled, along with
cosmological parameters, during Markov chain Monte Carlo
(MCMC) exploration of the likelihood. The TT likelihood is
therefore a power-spectrum-based component-separation tool
and it is essential to retain cross-power spectra for each dis-
tinct frequency combination. For the Planck TE and EE spec-

tra, however, Galactic dust is by far the dominant foreground
contribution. At the multipoles and sensitivities accessible to
Planck, polarized point sources make a negligible contribution to
the foreground (as verified by ACTPol and SPTpol; Louis et al.
2017; Henning et al. 2018), so the only foreground that needs to
be subtracted is polarized Galactic dust emission. As described
in PCP15, we subtract polarized dust emission from each T E/ET

and EE spectrum using the 353 GHz half-mission maps. This
is done in an analogous way to the construction of 545 GHz-
cleaned temperature maps described in PCP15 and Appendix A.
Since the 353 GHz maps are noisy at high multipoles we use
the cleaned spectra at multipoles 300 and extrapolate the dust
model to higher multipoles by fitting power laws to the dust esti-
mates at lower multipoles.

The polarization spectra are then corrected for temperature-
to-polarization leakage and e↵ective polarization e�ciencies as
described below, assuming a fiducial theoretical power spec-
trum. The corrected T E/ET spectra and EE spectra for all half-
mission cross-spectra constructed from 100-, 143-, and 217 GHz
maps are then coadded to form a single T E spectrum and a sin-
gle EE spectrum for the CamSpec likelihood. The polarization
part of the CamSpec likelihood therefore contains no nuisance
parameters other than overall calibration factors cT E and cEE for
the T E and EE spectra. Since the CamSpec likelihood uses coad-
ded T E and EE spectra, we do not need to bin the spectra to form
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a very large number of these random realizations we deduced
the 3D window function grid used for power spectrum esti-
mation.

3 CORRELATION FUNCTION

3.1 Measurements

The 2-point correlation function is a common method for
quantifying the clustering of a population of galaxies, in
which the distribution of pair separations in the dataset
is compared to that within random, unclustered catalogues
possessing the same selection function (Peebles 1980). In
the context of measuring baryon acoustic oscillations, the
correlation function has the advantage that the expected
signal of a preferred clustering scale is confined to a single,
narrow range of separations around 105 h−1 Mpc. Further-
more, small-scale non-linear effects, such as the distribution
of galaxies within dark matter haloes, do not influence the
correlation function on these large scales. One disadvantage
of this statistic is that measurements of the large-scale cor-
relation function are prone to systematic error because they
are very sensitive to the unknown mean density of the galaxy
population. However, such “integral constraint” effects re-
sult in a roughly constant offset in the large-scale correla-
tion function, which does not introduce a preferred scale
that could mimic the BAO signature.

In order to estimate the correlation function of each
WiggleZ survey region we first placed the angle/redshift cat-
alogues for the data and random sets on a grid of co-moving
co-ordinates, assuming a flat ΛCDMmodel with matter den-
sity Ωm = 0.27. We then measured the redshift-space 2-point
correlation function ξ(s) for each region using the Landy-
Szalay (1993) estimator:

ξ(s) =
DD(s)−DR(s) +RR(s)

RR(s)
, (2)

where DD(s), DR(s) and RR(s) are the data-data, data-
random and random-random weighted pair counts in sep-
aration bin s, each random catalogue containing the same
number of galaxies as the real dataset. In the construction
of the pair counts each data or random galaxy i is assigned
a weight wi = 1/(1 + niP0), where ni is the survey num-
ber density [in h3 Mpc−3] at the location of the ith galaxy,
and P0 = 5000 h−3 Mpc3 is a characteristic power spectrum
amplitude at the scales of interest. The survey number den-
sity distribution is established by averaging over a large en-
semble of random catalogues. The DR and RR pair counts
are determined by averaging over 10 random catalogues. We
measured the correlation function in 20 separation bins of
width 10h−1 Mpc between 10 and 180 h−1 Mpc, and de-
termined the covariance matrix of this measurement using
lognormal survey realizations as described below. We com-
bined the correlation function measurements in each bin for
the different survey regions using inverse-variance weighting
of each measurement (we note that this procedure produces
an almost identical result to combining the individual pair
counts).

The combined correlation function is plotted in Figure
2 and shows clear evidence for the baryon acoustic peak at
separation ∼ 105 h−1 Mpc. The effective redshift zeff of the

Figure 2. The combined redshift-space correlation function ξ(s)
for WiggleZ survey regions, plotted in the combination s2 ξ(s)
where s is the co-moving redshift-space separation. The best-
fitting clustering model (varying Ωmh2, α and b2) is overplot-
ted as the solid line. We also show as the dashed line the corre-
sponding “no-wiggles” reference model, constructed from a power
spectrum with the same clustering amplitude but lacking baryon
acoustic oscillations.

correlation function measurement is the weighted mean red-
shift of the galaxy pairs entering the calculation, where the
redshift of a pair is simply the average (z1 + z2)/2, and the
weighting is w1w2 where wi is defined above. We determined
zeff for the bin 100 < s < 110 h−1 Mpc, although it does not
vary significantly with separation. For the combined Wig-
gleZ survey measurement, we found zeff = 0.60.

We note that the correlation function measurements are
corrected for the effect of redshift blunders in the WiggleZ
data catalogue. These are fully quantified in Section 3.2 of
Blake et al. (2010), and can be well-approximated by a scale-
independent boost to the correlation function amplitude of
(1− fb)

−2, where fb ∼ 0.05 is the redshift blunder fraction
(which is separately measured for each WiggleZ region).

3.2 Uncertainties : lognormal realizations and

covariance matrix

We determined the covariance matrix of the correlation func-
tion measurement in each survey region using a large set of
lognormal realizations. Jack-knife errors, implemented by di-
viding the survey volume into many sub-regions, are a poor
approximation for the error in the large-scale correlation
function because the pair separations of interest are usually
comparable to the size of the sub-regions, which are then
not strictly independent. Furthermore, because the WiggleZ
dataset is not volume-limited and the galaxy number den-
sity varies with position, it is impossible to define a set of
sub-regions which are strictly equivalent.

Lognormal realizations are relatively cheap to generate
and provide a reasonably accurate galaxy clustering model
for the linear and quasi-linear scales which are important for
the modelling of baryon oscillations (Coles & Jones 1991).
We generated a set of realizations for each survey region
using the method described in Blake & Glazebrook (2003)
and Glazebrook & Blake (2005). In brief, we started with
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Geometry of space time = Matter distribution

Cosmic acceleration in the Einstein equations

← Add new matter 
“Dark energy”

← Modify geometry 
“Modified gravity”

or

𝑅!" −
1
2
𝑔!"𝑅 + 𝑔!"Λ = 8𝜋𝐺𝑇!"

• Matter contents of the universe determine its gravitational field.



Dark energy candidates

• Cosmological constant Λ
• w(a) = -1

• Constant but not Λ
• w(a) = w0 ≠ -1

• Dynamical dark energy
•

• Modification of gravitational law
• We are allowed to keep the term in the LHS.

𝑤 𝑎 = 𝑤& + 𝑤+ 1 − 𝑎 = 𝑤& + 𝑤+ ,
-.,

𝑅!" −
1
2𝑔!"𝑅 + 𝑔!"Λ = 8𝜋𝐺𝑇!"

68 4 極初期宇宙

許される波数間隔は ∆k = 2π/Lとなるから，V → ∞の極限では d3k = (2π)3/V と
対応し，結局場のゼロ点エネルギーの密度，すなわち真空エネルギーは

ρvac =
1
V

∑

k

1
2
!ωk =

∫
d3k

(2π)3!ck (4.2.11)

と計算される．この積分は発散しているため，文字通り受け取れば，量子場のゼロ
点エネルギーは発散しているということになる．だが，無限に小さなスケールまで
通常の場の理論が成り立っているとは考えられないので，波数 kについての積分の
上限を無限までとることは正当ではない．場の理論は少なくともプランク長

lP =

(
G!
c3

)1/2

= 1.61 × 10−35 m (4.2.12)

においては成り立たなくなる．この長さのスケールは重力場すらも量子論的なふる
まいをしはじめるスケールであり，空間そのものが古典的なものとみなすことがで
きなくなるスケールである．そこではもはや平坦な空間の上で定義される場の理論
を適用することはできない．そこで，オーダーを調べるため，プランク長に対応す
る波数の値，kmax = 2π/lP = 3.90× 1035 m−1を積分のカットオフとして式 (4.2.11)を
見積もってみよう．すると，質量密度にして，

ρvac/c2 ∼ !ckmax
4

16π2 ∼ 5 × 1094 g/cm3 (4.2.13)

という，莫大なものとなる．
これを宇宙定数の起源と考えると，とんでもないことになる．上の質量密度を現

在の臨界密度で割って密度パラメータに直すと，

Ωvac0 ∼ 3 × 10123 (4.2.14)

という想像を絶する大きな数になる．こんな大きなエネルギー密度があると，曲率
パラメータも 10123のオーダーとなり，空間のゆがみは大変なものになるが，上でも
見たように，実際には曲率パラメータはオーダー 1以下である．すなわち，単純に
量子場のエネルギー密度を宇宙定数の起源であるとすると，観測値との間に 123桁
もの食い違いが現れてしまうのである．したがって，真空エネルギーを単純に量子
場に同定することができないし，量子場の理論そのものにとっても都合が悪い．何
らかの未知の機構が働いて量子場のゼロ点エネルギーは 123桁もの精度で打ち消し
合うなどして，消えていることが必要である．現状では具体的にどのような機構で
そうなっているのか全くわかっていない．
最近の観測では宇宙定数は完全にゼロになっているわけではなく，ΩΛ ∼ 0.7程

度であることが突き止められつつある．これは，ますます宇宙定数の謎を深めてい
る．量子場のゼロ点エネルギーがなんらかの対称性によって消えているものとする

ΩΛ0 ~	0.68

Cosmological	constant	problem

Theory:

Observation:

Ω/01&~3×10-%(

• radiation:	w=1/3
• matter:	w=0
• cosmological	constant:	w=-1

𝑤 = 𝑝/𝜌
Equation	of	state	w



time

CMB -> initial conditions

Structure grows through gravity in the 
expanding universe

cosmic expansion (DE)

gravity (dark matter)

𝑇 𝜃 = Q𝑇 1 + Δ𝑇 𝜃

𝜌 𝐱, 𝑡 = 𝜌̅(𝑡) 1 + 𝛿 𝐱, 𝑡



N-body simulation of matter distribution 
under general relativity

Figures	taken	
from	G.B.	Zhao
et al

𝑆 = W
WXYZ ∫ \

!] ^_(`^ab)+ 𝑆c



N-body simulation of matter distribution 
under one modified gravity model

• Same initial condition, but f(R) gravity model assumed.

Figures	taken	
from	G.B.	Zhao
et al

One	can	distinguish	different	gravity	models	
by	probing	the	speed	of	the	structure	growth	
in	galaxy	redshift	surveys.

𝑆 = W
WXYZ ∫ \

!] ^_d(`)+ 𝑆c



eBOSS

Dark energy competition
DESI (2022-)

LSST

BOSS

HSC (2014-) PFS (2024-)

Subaru

FastSound
(2013-15)

SPHEREx

DES (2013-)

Euclid



Bias:
From dark matter to dark matter halos and galaxies:

• Mass density ≠ galaxy 
number density

• Galaxy distribution is a 
biased tracer of 
underlying matter 
distribution (Kaiser 
1984, Bardeen+1986)

Dark matter density field
DM halo

central gal

satellite gal

𝛿' 𝐱, 𝑡 =
𝜌' 𝐱, 𝑡
𝜌̅'(𝑡)

− 1

𝛿2 𝐱, 𝑡 =
𝜌2 𝐱, 𝑡
𝜌̅2(𝑡)

− 1

𝛿2 𝐱, 𝑡 = 𝐹[𝛿' 𝐱′, 𝑡 ]



Bias:
From dark matter to dark matter halos and galaxies:

• The relation between 
galaxy and dark matter 
distribution is extremely 
complicated. 

• The simplest bias 
model: “linear bias”

• One can consider 
higher-order bias

• Effective field theory

Dark matter density field
DM halo

central gal

satellite gal

𝛿2 𝐱, 𝑡 = 𝐹[𝛿' 𝐱′, 𝑡 ]

𝛿2 𝐱 = 𝑏𝛿' 𝐱



Redshift space distortions (RSD)
• Radial coordinates of galaxies are measured through redshift z	

(Doppler shift)

• Only radial positions are affected by RSD, not angular positions.

Redshift	cz =	radial	peculiar	velocity	+	aH(a)r

δ > 0 

δ > 0 

expansion

FOCUS

協力

奥村哲平 東京大学国際高等研究所カブリ数物
連携宇宙研究機構特任研究員

128

　物理学者アルバート・アインシュタ
イン（1879～ 1955）の「一

いっ
般
ぱん
相対性

理論」は，重力に関する物理学の理論だ。
一般相対性理論を使えば，星や銀河が
形成される過程や，宇宙空間の膨

ぼう
張
ちょう
な

ど，重力がかかわるさまざまな現象に
ついて説明することができる。つまり，
宇宙誕

たん
生
じょう
から現在まで，この宇宙が重

力によってどのように進化してきたの
かがわかるのだ。
　さまざまな検証から，一般相対性理
論は重力を説明する理論としてはおお
むね正確であると考えられている。そ
の一方で，一般相対性理論には誤りが
あると考える研究者もいる。
　実際，地球からおよそ 70億光年まで
の距
きょ
離
り
にある宇宙を観測するかぎりで

は，一般相対性理論は正しいことが検証
されているが，それより遠くの宇宙でも
なりたつかどうかは不明だった。そこで，
東京大学国際高等研究所カブリ数物連

れん

携
けい
宇宙研究機構の奥

おく
村
むら
哲
てっ
平
ぺい
特任研究員

らは，遠方の宇宙における一般相対性
理論の検証に取り組んだ。

宇宙の巨大な “泡” のでき方で検証
　宇宙では銀河が密に集まっている場
所とほとんど存在しない場所があり，巨

きょ

大
だい
な泡
あわ
が無数に集まったような構造を

つくっている。これを宇宙の「大規模
構造」とよぶ（くわしくは8～37ペー
ジの特集記事を参照）。
　一般相対性理論を使えば，大規模構
造が時間の経過とともにどのように形
成されてきたかを予想できる。宇宙では，
遠方を観測するほど，時間的に昔

むかし
の宇

宙を観測することになる。光が地球に
届くのには時間がかかるからだ。奥村
特任研究員らの研究グループは，遠方
（昔）の宇宙における大規模構造のでき
方を調べることで，一般相対性理論に
よる予想が正しいかどうかを検証しよ
うと試みた。

一般相対性理論による予想と一致した
　今回，研究グループは，87億～ 96
億光年先にある遠方の銀河の移動速度
を調べた。銀河の移動速度が時間の経
過とともにどう変化したかを調べるこ
とで，大規模構造がどのようにつくら
れていったかを見積もったのだ。
　宇宙は誕生以来，膨張をつづけている
と考えられている。遠方の銀河から出た
光の波長は，遠方であるほど宇宙空間
の膨張によって引きのばされて，長く（色
としては赤く）なって観測される。これ
を「赤

せき
方
ほう
偏
へん
移
い
」という。

　各銀河から発せられた光の赤方偏移
の度合いを測定すれば，銀河までの距離
を割り出すことができる。ただし，地
球で観測される赤方偏移には，銀河の
移動による波長の変化も含

ふく
まれている。

たとえば，銀河が地球に近づく方向へ移
動していれば，その分，宇宙の膨張によっ
て地球から遠ざかる効果が打ち消され
て，赤方偏移の度合いが小さくなるのだ。
　これまでの観測から，大きなスケー
ルでは宇宙の構造はどこも一様である
ことがわかっている。ところが赤方偏
移の度合いをもとに銀河の分布地図を
つくると，銀河の移動によって赤方偏
移が変化した分だけ，分布が一様では
なくなる。そこで本来の一様な分布か
らのずれを計算することで，銀河の移
動速度が求められるというわけだ。
　こうして求めた銀河の移動速度から
得られた結論は，「87億～ 96億光年先
の遠方の宇宙でも，大規模構造のでき
方は一般相対性理論による予想と一

いっ
致
ち

する」というものだった。奥村特任研
究員は「今後はさらに精度を高めて検
証したい」と語っている。 a

（執筆：荒舩良孝）

遠くの宇宙でも一般
相対論は正しかった

重力の理論であるアインシュタイン
の一般相対性理論は，宇宙がどのよ
うに進化してきたかを解き明かして
きた。しかし，遠方（昔）の宇宙で
は理論がなりたたない可能性が残っ
ていた。今回，遠方の宇宙における
一般相対性理論の検証がはじめて行
われた。検証結果は，日本天文学会
が発行する学術誌『Publications 
of the Astronomical Society of 
Japan』オンライン版に，2016年
4月 26日に掲載された。

宇宙の「大規模構造」のでき方
から理論の正しさを検証

遠方銀河の移動速度を求める

研究グループは，「F
フ ァ ス ト サ ウ ン ド

astSound」という，すばる望
遠鏡を使用した大規模な銀河の分布調査において，
地球から 87億～96億光年の範

はん

囲
い

にある銀河を
3000個ほど観測した。それらの銀河の移動速度から，
大規模構造がどのように形成されていったかを計算
し，一般相対性理論による予想とくらべた。
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Fig. 1. Planck 2018 temperature power spectrum. At multipoles ` � 30 we show the frequency-coadded temperature spectrum computed from
the Plik cross-half-mission likelihood, with foreground and other nuisance parameters fixed to a best fit assuming the base-⇤CDM cosmology.
In the multipole range 2  `  29, we plot the power spectrum estimates from the Commander component-separation algorithm, computed over
86% of the sky. The base-⇤CDM theoretical spectrum best fit to the Planck TT,TE,EE+lowE+lensing likelihoods is plotted in light blue in the
upper panel. Residuals with respect to this model are shown in the lower panel. The error bars show ±1� diagonal uncertainties, including cosmic
variance (approximated as Gaussian) and not including uncertainties in the foreground model at ` � 30. Note that the vertical scale changes at
` = 30, where the horizontal axis switches from logarithmic to linear.

computing the covariance matrices, assuming that foregrounds
are isotropic and Gaussian. This model underestimates the
contribution of Galactic dust to the covariances, since this com-
ponent is anisotropic on the sky. However, dust always makes
a very small contribution to the covariance matrices in the
CamSpec likelihood. Mak et al. (2017) describe a simple model
to account for the Galactic dust contributions to covariance
matrices.

It is important to emphasize that these changes to the 2018
CamSpec TT likelihood are largely cosmetic and have very lit-
tle impact on cosmological parameters. This can be assessed by
comparing the CamSpec TT results reported in this paper with
those in PCP15. The main changes in cosmological parameters
from the TT likelihood come from the tighter constraints on the
optical depth, ⌧, adopted in this paper.

In polarization, CamSpec uses a di↵erent methodology
to Plik. In temperature, there are a number of frequency-
dependent foregrounds at high multipoles that are described by
a physically motivated parametric model containing “nuisance”
parameters. These nuisance parameters are sampled, along with
cosmological parameters, during Markov chain Monte Carlo
(MCMC) exploration of the likelihood. The TT likelihood is
therefore a power-spectrum-based component-separation tool
and it is essential to retain cross-power spectra for each dis-
tinct frequency combination. For the Planck TE and EE spec-

tra, however, Galactic dust is by far the dominant foreground
contribution. At the multipoles and sensitivities accessible to
Planck, polarized point sources make a negligible contribution to
the foreground (as verified by ACTPol and SPTpol; Louis et al.
2017; Henning et al. 2018), so the only foreground that needs to
be subtracted is polarized Galactic dust emission. As described
in PCP15, we subtract polarized dust emission from each T E/ET

and EE spectrum using the 353 GHz half-mission maps. This
is done in an analogous way to the construction of 545 GHz-
cleaned temperature maps described in PCP15 and Appendix A.
Since the 353 GHz maps are noisy at high multipoles we use
the cleaned spectra at multipoles 300 and extrapolate the dust
model to higher multipoles by fitting power laws to the dust esti-
mates at lower multipoles.

The polarization spectra are then corrected for temperature-
to-polarization leakage and e↵ective polarization e�ciencies as
described below, assuming a fiducial theoretical power spec-
trum. The corrected T E/ET spectra and EE spectra for all half-
mission cross-spectra constructed from 100-, 143-, and 217 GHz
maps are then coadded to form a single T E spectrum and a sin-
gle EE spectrum for the CamSpec likelihood. The polarization
part of the CamSpec likelihood therefore contains no nuisance
parameters other than overall calibration factors cT E and cEE for
the T E and EE spectra. Since the CamSpec likelihood uses coad-
ded T E and EE spectra, we do not need to bin the spectra to form
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a very small contribution to the covariance matrices in the
CamSpec likelihood. Mak et al. (2017) describe a simple model
to account for the Galactic dust contributions to covariance
matrices.

It is important to emphasize that these changes to the 2018
CamSpec TT likelihood are largely cosmetic and have very lit-
tle impact on cosmological parameters. This can be assessed by
comparing the CamSpec TT results reported in this paper with
those in PCP15. The main changes in cosmological parameters
from the TT likelihood come from the tighter constraints on the
optical depth, ⌧, adopted in this paper.

In polarization, CamSpec uses a di↵erent methodology
to Plik. In temperature, there are a number of frequency-
dependent foregrounds at high multipoles that are described by
a physically motivated parametric model containing “nuisance”
parameters. These nuisance parameters are sampled, along with
cosmological parameters, during Markov chain Monte Carlo
(MCMC) exploration of the likelihood. The TT likelihood is
therefore a power-spectrum-based component-separation tool
and it is essential to retain cross-power spectra for each dis-
tinct frequency combination. For the Planck TE and EE spec-

tra, however, Galactic dust is by far the dominant foreground
contribution. At the multipoles and sensitivities accessible to
Planck, polarized point sources make a negligible contribution to
the foreground (as verified by ACTPol and SPTpol; Louis et al.
2017; Henning et al. 2018), so the only foreground that needs to
be subtracted is polarized Galactic dust emission. As described
in PCP15, we subtract polarized dust emission from each T E/ET

and EE spectrum using the 353 GHz half-mission maps. This
is done in an analogous way to the construction of 545 GHz-
cleaned temperature maps described in PCP15 and Appendix A.
Since the 353 GHz maps are noisy at high multipoles we use
the cleaned spectra at multipoles 300 and extrapolate the dust
model to higher multipoles by fitting power laws to the dust esti-
mates at lower multipoles.

The polarization spectra are then corrected for temperature-
to-polarization leakage and e↵ective polarization e�ciencies as
described below, assuming a fiducial theoretical power spec-
trum. The corrected T E/ET spectra and EE spectra for all half-
mission cross-spectra constructed from 100-, 143-, and 217 GHz
maps are then coadded to form a single T E spectrum and a sin-
gle EE spectrum for the CamSpec likelihood. The polarization
part of the CamSpec likelihood therefore contains no nuisance
parameters other than overall calibration factors cT E and cEE for
the T E and EE spectra. Since the CamSpec likelihood uses coad-
ded T E and EE spectra, we do not need to bin the spectra to form
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a very large number of these random realizations we deduced
the 3D window function grid used for power spectrum esti-
mation.

3 CORRELATION FUNCTION

3.1 Measurements

The 2-point correlation function is a common method for
quantifying the clustering of a population of galaxies, in
which the distribution of pair separations in the dataset
is compared to that within random, unclustered catalogues
possessing the same selection function (Peebles 1980). In
the context of measuring baryon acoustic oscillations, the
correlation function has the advantage that the expected
signal of a preferred clustering scale is confined to a single,
narrow range of separations around 105 h−1 Mpc. Further-
more, small-scale non-linear effects, such as the distribution
of galaxies within dark matter haloes, do not influence the
correlation function on these large scales. One disadvantage
of this statistic is that measurements of the large-scale cor-
relation function are prone to systematic error because they
are very sensitive to the unknown mean density of the galaxy
population. However, such “integral constraint” effects re-
sult in a roughly constant offset in the large-scale correla-
tion function, which does not introduce a preferred scale
that could mimic the BAO signature.

In order to estimate the correlation function of each
WiggleZ survey region we first placed the angle/redshift cat-
alogues for the data and random sets on a grid of co-moving
co-ordinates, assuming a flat ΛCDMmodel with matter den-
sity Ωm = 0.27. We then measured the redshift-space 2-point
correlation function ξ(s) for each region using the Landy-
Szalay (1993) estimator:

ξ(s) =
DD(s)−DR(s) +RR(s)

RR(s)
, (2)

where DD(s), DR(s) and RR(s) are the data-data, data-
random and random-random weighted pair counts in sep-
aration bin s, each random catalogue containing the same
number of galaxies as the real dataset. In the construction
of the pair counts each data or random galaxy i is assigned
a weight wi = 1/(1 + niP0), where ni is the survey num-
ber density [in h3 Mpc−3] at the location of the ith galaxy,
and P0 = 5000 h−3 Mpc3 is a characteristic power spectrum
amplitude at the scales of interest. The survey number den-
sity distribution is established by averaging over a large en-
semble of random catalogues. The DR and RR pair counts
are determined by averaging over 10 random catalogues. We
measured the correlation function in 20 separation bins of
width 10h−1 Mpc between 10 and 180 h−1 Mpc, and de-
termined the covariance matrix of this measurement using
lognormal survey realizations as described below. We com-
bined the correlation function measurements in each bin for
the different survey regions using inverse-variance weighting
of each measurement (we note that this procedure produces
an almost identical result to combining the individual pair
counts).

The combined correlation function is plotted in Figure
2 and shows clear evidence for the baryon acoustic peak at
separation ∼ 105 h−1 Mpc. The effective redshift zeff of the

Figure 2. The combined redshift-space correlation function ξ(s)
for WiggleZ survey regions, plotted in the combination s2 ξ(s)
where s is the co-moving redshift-space separation. The best-
fitting clustering model (varying Ωmh2, α and b2) is overplot-
ted as the solid line. We also show as the dashed line the corre-
sponding “no-wiggles” reference model, constructed from a power
spectrum with the same clustering amplitude but lacking baryon
acoustic oscillations.

correlation function measurement is the weighted mean red-
shift of the galaxy pairs entering the calculation, where the
redshift of a pair is simply the average (z1 + z2)/2, and the
weighting is w1w2 where wi is defined above. We determined
zeff for the bin 100 < s < 110 h−1 Mpc, although it does not
vary significantly with separation. For the combined Wig-
gleZ survey measurement, we found zeff = 0.60.

We note that the correlation function measurements are
corrected for the effect of redshift blunders in the WiggleZ
data catalogue. These are fully quantified in Section 3.2 of
Blake et al. (2010), and can be well-approximated by a scale-
independent boost to the correlation function amplitude of
(1− fb)

−2, where fb ∼ 0.05 is the redshift blunder fraction
(which is separately measured for each WiggleZ region).

3.2 Uncertainties : lognormal realizations and

covariance matrix

We determined the covariance matrix of the correlation func-
tion measurement in each survey region using a large set of
lognormal realizations. Jack-knife errors, implemented by di-
viding the survey volume into many sub-regions, are a poor
approximation for the error in the large-scale correlation
function because the pair separations of interest are usually
comparable to the size of the sub-regions, which are then
not strictly independent. Furthermore, because the WiggleZ
dataset is not volume-limited and the galaxy number den-
sity varies with position, it is impossible to define a set of
sub-regions which are strictly equivalent.

Lognormal realizations are relatively cheap to generate
and provide a reasonably accurate galaxy clustering model
for the linear and quasi-linear scales which are important for
the modelling of baryon oscillations (Coles & Jones 1991).
We generated a set of realizations for each survey region
using the method described in Blake & Glazebrook (2003)
and Glazebrook & Blake (2005). In brief, we started with
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Fig. 2.— The large-scale redshift-space correlation function of the
SDSS LRG sample. The error bars are from the diagonal elements
of the mock-catalog covariance matrix; however, the points are cor-
related. Note that the vertical axis mixes logarithmic and linear
scalings. The inset shows an expanded view with a linear vertical
axis. The models are Ωmh2 = 0.12 (top, green), 0.13 (red), and
0.14 (bottom with peak, blue), all with Ωbh2 = 0.024 and n = 0.98
and with a mild non-linear prescription folded in. The magenta
line shows a pure CDM model (Ωmh2 = 0.105), which lacks the
acoustic peak. It is interesting to note that although the data ap-
pears higher than the models, the covariance between the points is
soft as regards overall shifts in ξ(s). Subtracting 0.002 from ξ(s)
at all scales makes the plot look cosmetically perfect, but changes
the best-fit χ2 by only 1.3. The bump at 100h−1 Mpc scale, on the
other hand, is statistically significant.

two samples on large scales is modest, only 15%. We make
a simple parameterization of the bias as a function of red-
shift and then compute b2 averaged as a function of scale
over the pair counts in the random catalog. The bias varies
by less than 0.5% as a function of scale, and so we conclude
that there is no effect of a possible correlation of scale with
redshift. This test also shows that the mean redshift as a
function of scale changes so little that variations in the
clustering amplitude at fixed luminosity as a function of
redshift are negligible.

3.2. Tests for systematic errors

We have performed a number of tests searching for po-
tential systematic errors in our correlation function. First,
we have tested that the radial selection function is not in-
troducing features into the correlation function. Our selec-
tion function involves smoothing the observed histogram
with a box-car smoothing of width ∆z = 0.07. This cor-
responds to reducing power in the purely radial mode at
k = 0.03h Mpc−1 by 50%. Purely radial power at k = 0.04
(0.02)h Mpc−1 is reduced by 13% (86%). The effect of this
suppression is negligible, only 5× 10−4 (10−4) on the cor-
relation function at the 30 (100) h−1 Mpc scale. Simply
put, purely radial modes are a small fraction of the total
at these wavelengths. We find that an alternative radial
selection function, in which the redshifts of the random

Fig. 3.— As Figure 2, but plotting the correlation function times
s2. This shows the variation of the peak at 20h−1 Mpc scales that is
controlled by the redshift of equality (and hence by Ωmh2). Vary-
ing Ωmh2 alters the amount of large-to-small scale correlation, but
boosting the large-scale correlations too much causes an inconsis-
tency at 30h−1 Mpc. The pure CDM model (magenta) is actually
close to the best-fit due to the data points on intermediate scales.

catalog are simply picked randomly from the observed red-
shifts, produces a negligible change in the correlation func-
tion. This of course corresponds to complete suppression
of purely radial modes.

The selection of LRGs is highly sensitive to errors in the
photometric calibration of the g, r, and i bands (Eisenstein
et al. 2001). We assess these by making a detailed model
of the distribution in color and luminosity of the sample,
including photometric errors, and then computing the vari-
ation of the number of galaxies accepted at each redshift
with small variations in the LRG sample cuts. A 1% shift
in the r − i color makes a 8-10% change in number den-
sity; a 1% shift in the g − r color makes a 5% changes in
number density out to z = 0.41, dropping thereafter; and
a 1% change in all magnitudes together changes the num-
ber density by 2% out to z = 0.36, increasing to 3.6% at
z = 0.47. These variations are consistent with the changes
in the observed redshift distribution when we move the
selection boundaries to restrict the sample. Such photo-
metric calibration errors would cause anomalies in the cor-
relation function as the square of the number density vari-
ations, as this noise source is uncorrelated with the true
sky distribution of LRGs.

Assessments of calibration errors based on the color of
the stellar locus find only 1% scatter in g, r, and i (Ivezić
et al. 2004), which would translate to about 0.02 in the
correlation function. However, the situation is more favor-
able, because the coherence scale of the calibration errors
is limited by the fact that the SDSS is calibrated in regions
about 0.6◦ wide and up to 15◦ long. This means that there
are 20 independent calibrations being applied to a given
6◦ (100h−1 Mpc) radius circular region. Moreover, some
of the calibration errors are even more localized, being
caused by small mischaracterizations of the point spread
function and errors in the flat field vectors early in the
survey (Stoughton et al. 2002). Such errors will average
down on larger scales even more quickly.

The photometric calibration of the SDSS has evolved

Sound horizon 
of the universe 
at z ~ 1100

Eisenstein et al (2005)
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selection function, in which the redshifts of the random

Fig. 3.— As Figure 2, but plotting the correlation function times
s2. This shows the variation of the peak at 20h−1 Mpc scales that is
controlled by the redshift of equality (and hence by Ωmh2). Vary-
ing Ωmh2 alters the amount of large-to-small scale correlation, but
boosting the large-scale correlations too much causes an inconsis-
tency at 30h−1 Mpc. The pure CDM model (magenta) is actually
close to the best-fit due to the data points on intermediate scales.

catalog are simply picked randomly from the observed red-
shifts, produces a negligible change in the correlation func-
tion. This of course corresponds to complete suppression
of purely radial modes.

The selection of LRGs is highly sensitive to errors in the
photometric calibration of the g, r, and i bands (Eisenstein
et al. 2001). We assess these by making a detailed model
of the distribution in color and luminosity of the sample,
including photometric errors, and then computing the vari-
ation of the number of galaxies accepted at each redshift
with small variations in the LRG sample cuts. A 1% shift
in the r − i color makes a 8-10% change in number den-
sity; a 1% shift in the g − r color makes a 5% changes in
number density out to z = 0.41, dropping thereafter; and
a 1% change in all magnitudes together changes the num-
ber density by 2% out to z = 0.36, increasing to 3.6% at
z = 0.47. These variations are consistent with the changes
in the observed redshift distribution when we move the
selection boundaries to restrict the sample. Such photo-
metric calibration errors would cause anomalies in the cor-
relation function as the square of the number density vari-
ations, as this noise source is uncorrelated with the true
sky distribution of LRGs.

Assessments of calibration errors based on the color of
the stellar locus find only 1% scatter in g, r, and i (Ivezić
et al. 2004), which would translate to about 0.02 in the
correlation function. However, the situation is more favor-
able, because the coherence scale of the calibration errors
is limited by the fact that the SDSS is calibrated in regions
about 0.6◦ wide and up to 15◦ long. This means that there
are 20 independent calibrations being applied to a given
6◦ (100h−1 Mpc) radius circular region. Moreover, some
of the calibration errors are even more localized, being
caused by small mischaracterizations of the point spread
function and errors in the flat field vectors early in the
survey (Stoughton et al. 2002). Such errors will average
down on larger scales even more quickly.

The photometric calibration of the SDSS has evolved

z ~	1100

z ~	0.3

• Acoustic features imprinted 
at z ~ 1100 remain in the 
later universe, z < 1.
• The feature provides the 

size of the universe (sound 
horizon) when its age was 
380,000 years after the 
bigbang.
• This feature in galaxy 

distribution enables us to 
constrain the geometry of 
the universe, hence H0, dark 
energy, spatial curvature etc.

∝ 𝐷=%(𝑧)/𝐻(𝑧)



Baryon Acoustic Oscillations 5

Fig. 2.— The large-scale redshift-space correlation function of the
SDSS LRG sample. The error bars are from the diagonal elements
of the mock-catalog covariance matrix; however, the points are cor-
related. Note that the vertical axis mixes logarithmic and linear
scalings. The inset shows an expanded view with a linear vertical
axis. The models are Ωmh2 = 0.12 (top, green), 0.13 (red), and
0.14 (bottom with peak, blue), all with Ωbh2 = 0.024 and n = 0.98
and with a mild non-linear prescription folded in. The magenta
line shows a pure CDM model (Ωmh2 = 0.105), which lacks the
acoustic peak. It is interesting to note that although the data ap-
pears higher than the models, the covariance between the points is
soft as regards overall shifts in ξ(s). Subtracting 0.002 from ξ(s)
at all scales makes the plot look cosmetically perfect, but changes
the best-fit χ2 by only 1.3. The bump at 100h−1 Mpc scale, on the
other hand, is statistically significant.

two samples on large scales is modest, only 15%. We make
a simple parameterization of the bias as a function of red-
shift and then compute b2 averaged as a function of scale
over the pair counts in the random catalog. The bias varies
by less than 0.5% as a function of scale, and so we conclude
that there is no effect of a possible correlation of scale with
redshift. This test also shows that the mean redshift as a
function of scale changes so little that variations in the
clustering amplitude at fixed luminosity as a function of
redshift are negligible.

3.2. Tests for systematic errors

We have performed a number of tests searching for po-
tential systematic errors in our correlation function. First,
we have tested that the radial selection function is not in-
troducing features into the correlation function. Our selec-
tion function involves smoothing the observed histogram
with a box-car smoothing of width ∆z = 0.07. This cor-
responds to reducing power in the purely radial mode at
k = 0.03h Mpc−1 by 50%. Purely radial power at k = 0.04
(0.02)h Mpc−1 is reduced by 13% (86%). The effect of this
suppression is negligible, only 5× 10−4 (10−4) on the cor-
relation function at the 30 (100) h−1 Mpc scale. Simply
put, purely radial modes are a small fraction of the total
at these wavelengths. We find that an alternative radial
selection function, in which the redshifts of the random

Fig. 3.— As Figure 2, but plotting the correlation function times
s2. This shows the variation of the peak at 20h−1 Mpc scales that is
controlled by the redshift of equality (and hence by Ωmh2). Vary-
ing Ωmh2 alters the amount of large-to-small scale correlation, but
boosting the large-scale correlations too much causes an inconsis-
tency at 30h−1 Mpc. The pure CDM model (magenta) is actually
close to the best-fit due to the data points on intermediate scales.

catalog are simply picked randomly from the observed red-
shifts, produces a negligible change in the correlation func-
tion. This of course corresponds to complete suppression
of purely radial modes.

The selection of LRGs is highly sensitive to errors in the
photometric calibration of the g, r, and i bands (Eisenstein
et al. 2001). We assess these by making a detailed model
of the distribution in color and luminosity of the sample,
including photometric errors, and then computing the vari-
ation of the number of galaxies accepted at each redshift
with small variations in the LRG sample cuts. A 1% shift
in the r − i color makes a 8-10% change in number den-
sity; a 1% shift in the g − r color makes a 5% changes in
number density out to z = 0.41, dropping thereafter; and
a 1% change in all magnitudes together changes the num-
ber density by 2% out to z = 0.36, increasing to 3.6% at
z = 0.47. These variations are consistent with the changes
in the observed redshift distribution when we move the
selection boundaries to restrict the sample. Such photo-
metric calibration errors would cause anomalies in the cor-
relation function as the square of the number density vari-
ations, as this noise source is uncorrelated with the true
sky distribution of LRGs.

Assessments of calibration errors based on the color of
the stellar locus find only 1% scatter in g, r, and i (Ivezić
et al. 2004), which would translate to about 0.02 in the
correlation function. However, the situation is more favor-
able, because the coherence scale of the calibration errors
is limited by the fact that the SDSS is calibrated in regions
about 0.6◦ wide and up to 15◦ long. This means that there
are 20 independent calibrations being applied to a given
6◦ (100h−1 Mpc) radius circular region. Moreover, some
of the calibration errors are even more localized, being
caused by small mischaracterizations of the point spread
function and errors in the flat field vectors early in the
survey (Stoughton et al. 2002). Such errors will average
down on larger scales even more quickly.

The photometric calibration of the SDSS has evolved

z ~	1100

z ~	0.3
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Friedman Equations 
• Einstein equations with the Friedman-Robertson-Walker 

metric (isotropic, homogeneous universe)  

 

 

 

 

• Spatial curvature, K: Geometry of the universe 
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• Adding BAO to CMB 
measurements shrinks 
the error contours from 
red to blue!



BAO – a powerful tool for precision cosmology

𝑤 𝑎 = 𝑤& + 𝑤+ 1 − 𝑎

With BAO and RSD

Without  
BAO and RSD

With BAO, 
SN, H0

See Francisco Prada’s 
lecture for the latest DESI 
constraint on dynamical 
dark energy.



• Assume	there	is	an	object	whose	intrinsic	shape	is	a	sphere.

• One	can	determine	the	geometry	so	that	the	object	looks	like	a	
sphere																										(Alcock &	Paczynski 1979).
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z ~ 1100 z = 0z ~ 1

BAO is more than a Standard ruler

rCMB θ~150Mpc×



Anisotropic power spectrum and correlation function

• Linear RSD formula (Kaiser 1987)

• Including AP effect

 with 
• Correlation function

𝑃2; (𝑘, 𝜇5; 𝑧) = 𝑏 + 𝑓(𝑧)𝜇5%
%
𝑃' (𝑘; 𝑧) k

line-of-sight

θ μk=cosθ

𝑘A

𝑘∥

𝑃2CDE (𝑘AFGH, 𝑘∥FGH; 𝑧) =
𝐻 𝑧
𝐻FGH 𝑧

𝐷=FGH 𝑧
𝐷= 𝑧

%

𝑏 + 𝑓 𝑧 𝜇5%
%
𝑃'(𝑘; 𝑧)

Pijðk; μ; zÞ ¼ Kiðk; μ; zÞKjðk; μ; zÞPlinðk; zÞ; ð16Þ

where Plinðk; zÞ is the linear power spectrum of matter
fluctuation in real space. The normalization of the density
fluctuation is characterized by the σ8 parameter, defined by
the linear RMS density fluctuation within a sphere of radius
8 h−1Mpc, and thus Plinðk; zÞ ∝ σ28ðzÞ. While each of the
three autopower spectra, Pgg, Pvv, and PEE, can be
measured from each of the three individual probes, namely
galaxy clustering, kSZ and IA, respectively, the cross-
power spectra become measurable only when two probes
are simultaneously made available.1 Particularly, the cor-
relation between velocity and ellipticity fields, PvE, has
been proposed recently by our earlier studies and it can be
probed by the joint analysis of the kSZ (or peculiar
velocities) and IA effects [60,61,74,75,109]. Table I sum-
marizes all the statistics used in this paper.
To measure the power spectra, the observed galaxy

positions measured with redshift and angular position need
to be converted into the comoving positions by introducing
a reference cosmology, with a help of Eqs. (1) and (4). An
apparent mismatch between the reference and true cosmol-
ogy causes a geometric distortion in the measured power
spectra, which is yet another anisotropy known as the
Alcock-Paczynski (AP) effect [110]. This AP effect has
been extensively investigated for the galaxy power spec-
trum in redshift space [106,107,111,112]. The AP effect on
the kSZ and IA statistics has been studied relatively
recently by Refs. [32,62], respectively. In all of the six
power spectra, Pij, their observable counterpart Pobs

ij are
related to the true ones through the relation,

Pobs
ij ðkfid⊥ ; kfidk ; zÞ ¼ HðzÞ

HfidðzÞ

!
Dfid

A ðzÞ
DAðzÞ

"
2

Pijðk⊥; kk; zÞ; ð17Þ

where k⊥ and kk are the wave number perpendicular and

parallel to the line of sight, ðk⊥; kkÞ ¼ kð
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − μ2

p
; μÞ. The

quantities Dfid
A ðzÞ and HfidðzÞ are the angular diameter

distance and expansion rate computed from fiducial cos-
mological parameters in the reference cosmology, and
kfidk ¼ kkHfidðzÞ=HðzÞ and kfid⊥ ¼ k⊥DAðzÞ=Dfid

A ðzÞ. The

prefactor HðzÞ
HfidðzÞ f

Dfid
A ðzÞ

DAðzÞ
g2 accounts for the difference in the

cosmic volume in different cosmologies.
As formulated above, Kg, Kv, and KE, respectively

contain two ðb; fÞ, two ðτ; fÞ, and one ðAIAÞ parameters,
and all the power spectra depend on ðH;DAÞ through the
AP effect (see Table I). Thus, we have six parameters in
total, θα ¼ ðbσ8; AIAσ8; τ; fσ8; H;DAÞ, among which the
first three are nuisance parameters that we want to
marginalize over. The latter three parameters carry the
cosmological information which characterize the growth of
structure and geometric distances, and are determined by
measuring the anisotropies in the power spectra.

C. Covariance matrix

Writing all the power spectra obtained from the galaxy
clustering, kSZ and IA as Pa ¼ ðPgg; PEE; Pvv; PgE;
Pgv; PvEÞ, we will below examine several forecast analysis
with a different number of power spectra, which we denote
by NP. Specifically, depending on how many probes are
simultaneously available, we consider seven possible
cases with NP ¼ 1, 3 or 6, summarized in Table I.
Correspondingly, the covariance matrix Covab becomes a
NP × NP matrix, defined as Covabðk; μ; zÞ ¼ hPaPbi−
hPaihPbi, for a given wave vector, k ¼ ðk; μÞ. The full
6 × 6 Gaussian covariance matrix reads

TABLE I. Statistics and their abbreviations considered for given probes. Note that when two fields, A and B, are considered, we use
not only the autocorrelations (PAA and PBB) but also the cross-correlation, PAB.

Parameters fθαg
Probes Statistics Abbreviations

No. of
parameters Nθ Nuisance Geometric/dynamical

Clustering Pgg g 4 bσ8 fσ8; H;DA

kSZ Pvv v 4 τ fσ8; H;DA
IA PEE E 3 AIA H;DA
Clusteringþ IA Pgg þ PEE þ PgE gþ E 5 bσ8; AIA fσ8; H;DA

Clusteringþ kSZ Pgg þ Pvv þ Pgv gþ v 5 bσ8; τ fσ8; H;DA

IAþ kSZ PEE þ Pvv þ PvE vþ E 5 AIA; τ fσ8; H;DA
Clusteringþ IAþ kSZ Pgg þ PEE þ Pvv þ PgE þ Pgv þ PvE gþ vþ E 6 bσ8; AIA; τ fσ8; H;DA

1Note that this terminology is different from that used in past
studies: while in this paper the kSZ and IA power spectra stand
for only Pvv and PEE, respectively, the past studies included the
cross-power spectrum with density field, Pgv and PgE, into kSZ
and IA spectra.
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Cosmological analysis of BOSS galaxies 2627

Figure 4. 2D 68 and 95 per cent marginalized constraints on DM(z) × (rd, fid/rd) and H(z) × (rd/rd, fid) obtained by fitting the BAO signal in the post-
reconstruction monopole and quadrupole in configuration and Fourier space. The black solid lines represent the combination of these results into a set of
consensus BAO-only constraints, as described in Section 8.2. The blue solid lines correspond to the constraints inferred from the Planck CMB temperature and
polarization measurements under the assumption of a !CDM model.

Table 3. Summary table of post-reconstruction BAO-only constraints on DM × (rd, fid/rd) and H × (rd/rd, fid).

Measurement Redshift Beutler et al. (b) Vargas-Magaña et al. Ross et al.
P(k) ξ (s) ξ (s)

DM × (rd, fid/rd) (Mpc) z = 0.38 1507 ± 25 1507 ± 22 1512 ± 23
DM × (rd, fid/rd) (Mpc) z = 0.51 1976 ± 29 1975 ± 27 1971 ± 27
DM × (rd, fid/rd) (Mpc) z = 0.61 2307 ± 35 2291 ± 37 2296 ± 37
H × (rd/rd, fid) (km s−1Mpc−1) z = 0.38 80.7 ± 2.4 80.4 ± 2.4 81.1 ± 2.2
H × (rd/rd, fid) (km s−1Mpc−1) z = 0.51 90.8 ± 2.2 91.0 ± 2.1 91.1 ± 2.1
H × (rd/rd, fid) (km s−1Mpc−1) z = 0.61 98.8 ± 2.3 99.3 ± 2.5 99.4 ± 2.2

Figure 5. The measured pre-reconstruction correlation function (left) and power spectrum (middle) in the directions perpendicular and parallel to the line of
sight, shown for the NGC only in the redshift range 0.50 < z < 0.75. In each panel, the colour scale shows the data and the contours show the prediction of
the best-fitting model. The anisotropy of the contours seen in both plots reflects a combination of RSD and the AP effect, and holds most of the information
used to separately constrain DM(z)/rd, H(z)rd and fσ 8. The BAO ring can be seen in two dimensions on the correlation function plot. To more clearly show
the anisotropic BAO ring in the power spectrum, the right-hand panel plots the 2D power spectrum divided by the best-fitting smooth component. The wiggles
seen in this panel are analogous to the oscillations seen in the top left panel of Fig. 3.

are in excellent agreement. As expected, given the small differences
in methodology and data, the results of Ross et al. (2017) and
Vargas-Magaña et al. (2016) are very similar. Tests on the results
obtained from mock samples show that the results are correlated
to a degree that combining them affords no improvement in the
statistical uncertainty of the measurements. Differences between the
results are at most 0.5σ and are typically considerably smaller; these
differences are consistent with expectations (further details of tests
on mock samples are presented in Section 7.1). Thus, for simplicity,
we select only the measurements and likelihoods presented in Ross

et al. (2017) to combine with the power-spectrum BAO results
and FS measurements. The consensus values are computed and
discussed in Section 8.

6 PRE-RECONSTRUCTION FULL-SHAPE
M EA SUREMEN TS

Fig. 5 shows the 2D correlation function, ξ (s⊥, s‖) (left-hand panel),
and power spectrum, P(k⊥, k‖) (middle panel and right-hand panel),
of the NGC BOSS combined galaxy sample, in the redshift range

MNRAS 470, 2617–2652 (2017)Downloaded from https://academic.oup.com/mnras/article-abstract/470/3/2617/3091741
by Institute of Plant and Microbial Biology (old name= Institute of Botany) user
on 27 June 2018

Solid lines: Theory
Color contours: Obs

SDSS-III BOSS Collaboration (2017)

Anisotropic correlation function of BOSS galaxies

• Correlation function of ~600,000 
galaxies in BOSS DR12 sample
• Much clearer anisotropic BAO and 

RSD signals.



FastSound: first 3d galaxy map at the distant universe



Anisotropic correlation function measured at z~1.4

True	
distribution

Observed	
distribution

linear RSD

low-z (z~0.5) Okumura, Hikage, Totani et al (2016)



First RSD measurement at the distant universe
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Testing gravity from RSD measurements

Okumura, Hikage, Totani et al (2016)



Cosmological constant? Dark energy?
Or modified gravity?
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To extract more cosmological information… 
• Cosmological information                      
∝ (# of modes) ∝ kmax

3

• We need to take into account 
“nonlinearities” in theoretical models
• Nonlinear RSD
• Nonlinear matter evolution
• Nonlinear bias

• Perturbative approaches
• Simulation-based (emulators)
• Full-shape analysis 

Tegmark et al (2006)
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Full-shape cosmological constraints using 
the SDSS-III BOSS data

• They built an emulator from N-
body simulations to compute the 
redshift-space power spectrum of 
halos.
• A halo model is adopted to model 

the galaxy-halo connection. 
• Very strong constraints are 

obtained by fully utilizing the full 
shape information of the matter 
power spectrum. 

Refs. [17,40]. They are based on the simulations for the
Planck cosmology using the same HOD prescription as that
in our analysis. Similarly to the above test, we use the
outputs of N-body simulations at z ¼ 0.251 and 0.617,
adopt the same HOD model as that in Ref. [76] to populate
galaxies into halos of each realization, and then simulate
the mock galaxy spectra for the four galaxy samples. We
use the simulations of total volume 128ðh−1 GpcÞ3 to
generate the simulated data vector (see Ref. [17] for details
of the simulations) and perform the cosmology analysis
using the same covariance matrix of the BOSS spectra.
The right panel of Fig. 1 shows that our analysis method
recovers the cosmological parameters to within the stat-
istical errors for all the kmax values. One might notice a
slight bias in each cosmological parameter, even if both the
theoretical template and the mock catalogs employ the
same form of HOD model. We ascribe the parameter shift
to the projection effect of the full posterior distribution in a
multidimensional parameter space (see Ref. [77] for a
similar discussion). Here we note that some of the galaxy-
halo connection parameters are not necessarily recovered
by the analysis, as explicitly shown in Fig. 14 of
Appendix A. The figure in the appendix also shows that
including the power-spectrum information on the higher
kmax gives smaller error bars for the galaxy-halo connection
parameters, although the central values are biased for
some of the galaxy-halo parameters. On the other hand,
the credible intervals of the cosmological parameters are
not much improved by including the information from
kmax ¼ 0.25h to 0.30h Mpc−1, as can be found from Fig. 1.
Hence, from these results, we conclude that our method can
robustly recover the cosmological parameters to within the
statistical errors of the BOSS power spectra, after margin-
alization over the galaxy-halo connection parameters.
Here, we note that the cosmological information is
extracted from the redshift-space power spectrum of halos
predicted by the emulator in our method. In this paper, we
employ kmax ¼ 0.25h Mpc−1 as our fiducial choice of the
maximum wave number.
We will also later show the validation test of our analysis

method using the mock catalogs including the assembly
bias effect, which is one of the most dangerous physical
systematic effects in the halo model approach.

B. Results: ΛCDM cosmology

Figure 2 shows the main results of this paper, the
cosmological parameters obtained from the actual BOSS
power spectra. The figure shows the projected posterior
distributions of Ωm, H0, and σ8 for the flat ΛCDM model,
after marginalizing over the other parameters such as the
galaxy-halo connection parameters. These constraints
include the BAO and full shape information of the red-
shift-space power spectrum for the four samples of the low-z/
high-z NGC and SGC samples, up to kmax ¼ 0.25h Mpc−1,
where the nonlinear effects such as nonlinear bias, nonlinear

clustering, and nonlinear RSD are properly included. Our
method achieves precise measurements of the cosmological
parameters:

Ωm ¼ 0.301þ0.012
−0.011 ;

H0 ¼ 68.2% 1.4;

σ8 ¼ 0.786þ0.036
−0.037 ; ð20Þ

where we report the mode and the 68% credible interval of
the marginalized posterior distribution for each parameter,
respectively. Note that H0 is in units of km s−1 Mpc−1.
Our results can be compared with the Planck 2018 CMB

constraints: we overplot the Planck 2018 cosmological
constraints from the baseline likelihood of “TT, TE,
EEþ lowE”; the MCMC chains of the Planck 2018
cosmology analysis are downloaded from the Planck
Legacy Archive (http://pla.esac.esa.int/pla/#cosmology),
where the neutrino mass is fixed to 0.06 eV, as we did
in our analysis. Our results are in good agreement with the
Planck results for all three of the cosmological parameters.
In Table II, we also show the parameter value at the
maximum a posteriori (MAP), the median, and the mode

FIG. 2. The posterior distributions of Ωm, H0, and σ8, obtained
from the cosmology inference including the full shapes of the
monopole, quadrupole, and hexadecapole moments of the BOSS
DR12 galaxy power spectra up to kmax ¼ 0.25h Mpc−1 for the
flat ΛCDM model. For the theoretical templates, we use the
emulator-based halo model, and the posteriors include margin-
alization over uncertainties in other cosmological parameters and
the nuisance parameters including the galaxy-halo connection
parameters. For comparison, the red contours show the results
from the Planck 2018 “TT, TE, EEþ lowE” analysis.
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Summary
• Galaxy	redshift	surveys	provide	one	of	the	best	tools	to	probe	the	
cosmic	acceleration.
• Statistical	properties	of	galaxy	distributions	carry	ample	cosmological	
information
• Redshift-space	distortions	(RSD):	f(z)	
• Baryon	acoustic	oscillations	(BAO):	DA(z)	and	H(z)

• More	information	is	available	from	broadband	features	of	the	matter	
power	spectrum.	
• A	proper	cosmological	interpretation	requires	a	detailed	theoretical	
modeling	of	nonlinear	structure	formation.
• N-body	simulations,	perturbation	theory,	etc…

http://www.asiaa.sinica.edu.tw/~tokumura/
tokumura@asiaa.sinica.edu.twFor further questions and information: 

http://www.asiaa.sinica.edu.tw/~tokumura/
mailto:tokumura@asiaa.sinica.edu.tw




Some recommended textbooks for structure 
formation and galaxy surveys

• B. Ryden, “Introduction to Cosmology” 2nd Ed. (2016)
• Undergraduate level.
• No knowledge of general relativity is required.

• S. Dodelson & F. Schmidt, “Modern Cosmology” 3rd Ed. (2025)
• Standard graduate level. 
• A self-consistent textbook that you can derive all the equations by yourself. 

• H. Mo, F. van den Bosch, & S. White, “Galaxy Formation and Evolution” (2009)
• Comprehensive description of galaxy formation/evolution and the large-scale structure 

of the universe. Advanced

• P. J. E. Peebles, “The Large-Scale Structure of the Universe”(1980)
• Very advanced. Some parts are outdated. 
• Describes all the essential statistical tools for galaxy survey analysis. 


