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Modern cosmology, Tensions & Nature of Dark sector

Timeline of the universe
Expansion history

Mass-energy inventory
Standard model of ΛCDM
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cosmic probes and parameter constraints 

Planck ’18 BAO (DESI DR2) Joint constraint
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See previous lectures



Nonlinear evolution 

Crocce & Scoccimarro 2007
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damping the amplitude Peak shifted



6Credit: Uchuu simulation

Halo filament voids



Motivation to cosmological simulation

• Nonlinear evolution of DM in expanding universe

• Solve the DM distribution on small-scale

• Platform for astrophysics, especially galaxy formation 

• Mock galaxy catalogue by HOD, SHAM or SAM (previous lecture)

• Calibration of the systematic error of cosmic probes or various 
surveys or detections. 
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Hubble expansion
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Framework of cosmological simulation

General Relativistic view Newtonian gravity in expanding space 



◼ N-body method is lagrangian method (mass conversion with adaptive resolution )

◼ Gravity is determined by the density contrast

◼ The motion involves scale factor a(t) of the universe
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N-Body method of cosmological simulation 

 Lack of the inner detail of DM particle (mass points)
 Relativistic effect is linear order ( ~< extremely large scale)
 Retarded potential is neglectable, due to density contrast and average effect 



N-Body simulation 

• The pairwise interaction of gravity is simply and 
precisely calculated.

• shortage: Direct N-Body summation is too 
expansive O(N^2) 

• Development of approximate method is inevitable 
to reduce the computing amount of P2P  

• Special-Purpose Computer (GRAPE) 

10



Tree code

11Octal tree

• The particles are organized into a tree as leaves [Barnes & Hut 1986]

• The distant tree node is accepted as a mass point away from the target particle. 

Otherwise, the tree node will be open 

• time complexity of tree code ~O(NlogN) ( divide-and-conquer algorithm)



Tree code

• The particles are organized into a tree as leaves [Barnes & Hut 1986]

• The distant tree node is accepted as a mass point away from the target particle. 

Otherwise, the tree node will be open 

• time complexity of tree code ~O(NlogN) ( divide-and-conquer algorithm)

• Recursive traversal → iteration by preprocessing one time.
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Fast Multipole Method (FMM)
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Information transfer
• Greengard & Rokhlin, JCP, 1987 (2D) classic FMM
• Dehnen 2014 (stellar dynamics, 3D)
• Yokota & barba 2010 (GPU implementation)
• PKDGRAV code

Fast Multipole Method ~O(p*N)

M2L:

• Pass up : P2M , M2M
• Pass down : L2L，L2P
• Treecode: M2P



Poisson equation (Linear differential operator)

• Density field on a periodic regular mesh  

• Convolution by using FFT ~O(NlogN)

• Interaction between a particle and potential mesh

Particle-mesh method
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Particle-mesh method

To construct density field from particle to a regular mesh

Angulo & Hahn 2022
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Fourier Transformation convolution 

differential operators can be transferred into “multiplication”

∂→ ik

second order accurate finite difference Laplacian in Fourier space

(𝑖𝑘)2→ −𝑛2
on regular mesh 
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Discrete/Fast Fourier Transformation 

discrete sampling

Cooley-Tukey algorithm

odd-even symmetry
O(N^2)  =>  O(NlogN)

Butterfly for radix-2 FFT (from Wiki) 17



Scalability to the parallel of FFT 

Ishiyama+ 2014

• Scalability issue on massively parallel 
implementation

• MPI communication will be dominant than 
computation

• A Subset corresponds to MPI-processes for 
FFT enlarge the particle number to trillion.
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Computing domain decomposition

• efficient MPI communication for massive 
parallel case, especially containing a FFT 
module

• Surface-area-to-volume ratio 
• Space-filling Peano–Hilbert curve equally divides the 

particle distribution/work load.

adaptive straight boundary Space-filling curve 
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• the hybrid algorithm combined PM and P2P

• A compensated particle-particle interaction is necessary for short 
range interaction.

• shortage: P2P calculation is still expansive O(N^2) once large 
number of particles in a single mesh. 

Particle-Particle + Particle-Mesh (P3M) method
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Tree-PM method

• improve the computing efficiency of short-range 

gravity, instead of Treecode.

• Error function (exponential) is alternative splitting 

formula  (gird effect).
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GADGET 2-3 code
GREEM code



Quinn+1997

precession dissipation

Sympletic time integrator

• Sympletic integrator in comoving 
coordinates
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K(∆t/2) D(∆t) K(∆t/2)fixed step:

adaptive step:

• Softening scale 

• Acceleration

• Control parameter

Sympletic time integrator
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Initial Condition Generator

e.g., 2LPT Code

1. Input an initial power spectrum calculated by Boltzmann 

code, such as CAMB

2. Setup particles on a regular grid center

3. Zel’dovich shift

4. 2nd order correction (optional)
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PhotoNs: cosmological simulation code

• PhotoNs-1:  TreePM code aims at a heterogeneous accelerator (Tianhe2)

• PhotoNs-2:  change gravity solver to PM-FMM （Taihu-light）

• PhotoNs-2-GPU: GPU implementation (CUDA/HIP)

• PhotoNs-3.7: optimize mpi communicator aim at the extreme simulation

with post processing of halo + subfind (GPU-based supercomputer)

• Further version will involve more physics or module beyond N-Body 

simulation
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Particle-Mesh Fast-Multipole-Method (PM-FMM)

Q. Wang,  2021 
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FMM  for short range 
PM for long-range



Q. Wang,  2021 
O（ N * p + n log2 n + m log2 m） 

Multipole Acceptance Criteria 

Particle-Mesh Fast-Multipole-Method (PM-FMM)
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Dual tree traversal



domain decomposition
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Wang+ 2022 



Wang+ 2021b

GPU implementation 
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Comparison between PhotoNs-3 and Gadget-3

top 10 subhalos in the most massive dark halo

particles + 125Mpc/h7683
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Hyper-Millennium simulation

Cosmology Planck-2018

Volume

Particle No.

Particle mass

2.53 [ℎ−3Gpc3]

~4.2 × 1012

3.21 × 108 ℎ−1M⊙

◆ Large volume + high resolution 

◆ 100 snapshots (z = 0.0 ~ 20.4)

◆ PhotoNs-3.7.20

ORISE Supercomputer
wang+ 2025 in prep
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Raw data of snapshot → FoF + subfind + SAM

• Using the subhalo catalogue, merger trees were constructed to track 

subhalo evolution following the methods in Angulo et al. (2012) and 

Angulo et al. (2014)

• Recent version of the SAM code L-GALAXIES based on Henriques 

et al. (2015) and Pei et al. (2024)

Hyper-Millennium simulation
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zoom-in simulation

For example (VVV project) :

Dark halo property over 20 orders of 

magnitude in halo mass J. Wang+ 2019

To improve the resolution  
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Summary

• N-Body simulation is essential and 
mature tool for studying the 
cosmology and galaxy formation

• efficient fast numerical method 
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Summary

• TNG surveys require the high 
mass resolution with a huge 
simulation box

• the extreme scale simulation is 
still challenging on modern 
heterogeneous supercomputer. 
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• N-Body simulation is essential and 
mature tool for studying the 
cosmology and galaxy formation

• efficient fast numerical method 

Thanks very much!


